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A Constructive Description of Ground States
and Gibbs Measures for Ising Model with Two-Step
Interactions on Cayley Tree
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We consider the Ising model with (competing) two-step interactions and spin values
+1, on a Cayley tree of order £ > 1. We constructively describe ground states and verify
the Peierls condition for the model. We define notion of a contour for the model on the
Cayley tree. Using a contour argument we show the existence of two different Gibbs
measures.
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1. INTRODUCTION

One of the key problems related to the spin models is the description of the set
of Gibbs measures. This problem has a good connection with the problem of
the description the set of ground states. Because the phase diagram of Gibbs
measures (see 1129 for details) is close to the phase diagram of the ground states
for sufficiently small temperatures.

The ground states for models on the cubic lattice Z¢ were studied in many
works (see e.g. (7:9:10:16.17))

The Ising model, with two values of spin 41 was considered in (!>2D
and became actively researched in the 1990’s and afterwards (see for example
(1—4,8,13,14,18))

In the paper we consider an Ising model on a Cayley tree with competing
interactions. The goal of the paper is to study of (periodic and non periodic)
ground states and to verify the Peierls condition for the model. Using the ground
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states we also will define a notion of contours which allows us to develop a contour
argument (Pirogov-Sinai theory) on the Cayley tree. In order to describe an infinite
set of ground states we use a construction, which we will develop here.

In ) a contour argument for g- component models (with nearest-neighbor
interaction) on Cayley tree was developed. This paper can be considered as a
continuation of the paper!?).

2. DEFINITIONS
2.1. The Cayley Tree

The Cayley tree I'* (See (V) of order k > 1 is an infinite tree, i.e., a graph
without cycles, from each vertex of which exactly k + 1 edges issue. Let I'F =
(V, L,i), where Vis the set of vertices of I'*, L is the set of edges of I'* and i is
the incidence function associating each edge / € L with its endpoints x, y € V. If
i(l) = {x, y}, then x and y are called nearest neighboring vertices, and we write
['=(x.y).

The distance d(x, y), x, y € V on the Cayley tree is defined by the formula

d(x,y) = min{d|3x = x¢, X1, ..., X4-1, Xqg = y € Vsuch that{xg, x1), ...,
(Xa—1, xa)}.
For the fixed x° € V we set W, = {x € V | d(x, x°) = n},
Vo={xeV]dxx)<n), Ly=(=@yellxyel) @

Denote |x| = d(x,xo),x eV.

A collection of the pairs (x, x1), ..., (x4—1, ) is called a path from x to y and
we write 7 (x, y) . We write x < y if the path from x° to y goes through x.

It is known (see [8]) that there exists a one-to-one correspondence between
the set  of vertices of the Cayley tree of order £ > 1 and the group G of the free
products of k£ + 1 cyclic groups {e, a;},i = 1, ...,k + 1 of the second order (i.e.
al.2 =e, a;l = g;) with generators a;, as, . .., @p41-

Let us define a graph structure on G as follows. Vertices which correspond
to the “words” g, 1 € Gy are called nearest neighbors if either g = ha; orh = ga;
for some i or j. The graph thus defined is a Cayley tree of order £.

For gy € Gy a left (resp. right) transformation shift on Gy is defined by

Tg,h = goh (resp. Tg,h = hgo,) Vh € Gy.

It is easy to see that the set of all left (resp. right) shifts on G is isomorphic
to Gy.
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2.2. The Model

We consider models where the spin takes values in the set ® = {—1, 1} . For
A C V aspin configuration o 4 on 4 is defined as a functionx € 4 — o4(x) € ;
the set of all configurations coincides with Q4 = ®4. We denote Q2 = Q, and
o =oy. Also put —o4 = {—0o4(x), x € A}. We define a periodic configuration
as a configuration o €  which is invariant under a subgroup of shifts G} C Gy
of finite index.

More precisely, a configurationo € Qis called G} —periodicifo (yx) = o (x)
forany x € Gy and y € G}.

For a given periodic configuration the index of the subgroup is called the
period of the configuration. A configuration that is invariant with respect to all
shifts is called translational-invariant.

The Hamiltonian of the Ising model with competing interactions has the form

Ho)=J Y o@o+s Y ox)o(®) )
(x,») x,yeVd(x,y)=2

where Ji, J, € R are coupling constants and o € Q.

3. GROUND STATES

For a pair of configurations o and ¢ that coincide almost everywhere, i.e.
everywhere except for a finite number of positions, we consider a relative Hamil-
tonian H (o, ¢), the difference between the energies of the configurations o, ¢ of
the form

H(o.9)=J1 Y _(0(x)o(y) — ¢(x)e(»))

(x.»)

+ho Y (6o = e(x)e(), 3)

x,yeVid(x,y)=2

where J = (J;, J») € R? is an arbitrary fixed parameter.

Let M be the set of unit balls with vertices in V. We call the restriction of a
configuration o to the ball b € M a bounded configuration oy,.

Define the energy of a ball b for configuration o by

Ulon = Ulon, =37 3 oo

(x,),x,yeb

+h Y oo, )

x,yeb: d(x,y)=2

where J = (J, J») € R%.
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We shall say that two bounded configurations o3, and o;, belong to the same
class if U(op) = U(o;,) and we write o}, ~ 0p.

For any set 4 we denote by | 4| the number of elements in 4.

Using a combinatorial calculations one can prove the following

Lemma 1. 1)  For any configuration o, we have

U(op) € {Uo, Uy, ..., U},
where
k+1 k(k+1
U = (%—i)]l —i—( ( 2+ )+2i(i—k— 1)>J2, i=0,1,....,k+ 1.
(&)
2)LetC; =Q;UQ,i=0,...,k+1, where
Qi ={op : op(cp) = +1, [{x € b\ {cp} : op(x) = —1}| =i},
Q ={—0p ={—0p(x),x € b} : 05 € Q;},
and cyp is the center of the ball b. Then for o), € C; we haveU(op) = U;.
3) The class C; contains l,f,fk_—ﬁr)l'), configurations.
Lemma 2. The relative Hamiltonian (3) has the form
H(o.9) =Y (U(oy) — U(gy)). (6)

beM

Proof: Note that for any two vertices x and y such that (x, y) there exist exactly
2 unit balls b, b’ € M such that x, y € b N b'. Also, for any two vertices u and v
such that d(u, v) = 2 there is a unique ball b such that u, v € b. This completes
the proof.

Theorem 3. For any class C; and for any bounded configuration o}, € C; there
exists a periodic configuration ¢ with period non exceeding 2 such that ¢, € C;
for any ' € M and ¢, = o}.

Proof: For arbitrary given class C; and o}, € C; we shall construct configuration
¢ as follows. Without loss of generality we can take b as the ball with the center
e € Gy (here eistheidentity of Gy)i.eb = {e, ay, ..., ay+1}. Assume op(e) = +1
(the case oj(e) = —1is very similar). Denote I = {j € {1,...,k+ 1} : op(a;) =
—1}. Note that | F'| = i since op(e) = +1 and o, € C;.

Consider two cases:
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Case i = 0. In this case we have oj(x) = 1 for any x € b, so configuration ¢
coincides with translational-invariant one ¢+ = {¢(x) = +1}. Thus the period of
@is 1.

Case i > 1. Consider

Hi=1x € Gy : ij(x)—even ,

JjeF

where w;(x) is the number of a; in x € Gy. Note (see ®) that H; is normal
subgroup of index 2 for G.. By our construction (and assumption o,(e) = +1) we
have op(x) = +1 foranyx € b N 'H; and op(u) = —1 foranyu € b N (G \ 'H;).O

We continue the bounded configuration o}, € C; to whole lattice Ik (which
we denote by ¢) by

1 ifxEH,‘

PO e G\

So we obtain a periodic configuration ¢ with period 2 (=index of the sub-
group); then by the construction ¢, = 0,. Now we shall prove that all restric-
tions ¢y, b' € M of the configuration ¢ belong to C;. Since H; is the subgroup
of index 2 in Gy, the quotient group has the form G;/H; = {H°, H'} with
the cosets H® = H;, H' = G; \ H,. Let ¢;(x) = |S1(x) N'H/|, j = 0, 1; where
S1(x) = {y € Gy : {x, )}, the set of all nearest neighbors of x € Gy.

Denote Q(x) = (qo(x), q1(x)). Clearly, go(x) (resp.qi(x)) is the number of
points y in Sj(x) such that ¢(y) = +1 (resp.p(y) = —1).

We note (see 1) that for every x € G there is a permutation 7, of the
coordinates of the vector Q(e) (where e as before is the identity of G ) such that

7 0e) = Q(x).

Moreover Q(x) = Q(e) if x € H° and Q(x) = (g1(e), go(e)) if x € H'. Thus for
any b’ € M we have (i) if ¢,y € H° (where as before ¢, is the center of 4') then
@» = 03 up to a rotation; (ii) if ¢,y € H! then ¢, = —o, up to a rotation. Since
both o, —0}, € C; we get ¢ € C; for any b’ € M. The theorem is proved. O

Definition 4. A configuration ¢ is called a ground state for the relative Hamiltonian
Hif
U(gpp) = min{Uy, Uy, ..., Ury}, foranydb e M. 7

Remarks 1. Usually, more simple and interesting ground states are periodic ones.
In this paper we describe some non periodic ground states as well (cf. V) chapter

2).
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2. A periodic ground state can be defined differently (see ??) as a periodic
configuration ¢ such that for any configuration o that coincides with ¢ almost
everywhere and H(p, o) < 0. It is easy to see that if ¢ is a ground state in the
sense of Definition 4, then it satisfies H(p, ) < 0. In %19 it was proved that
these two definitions (for periodic ground states) are equivalent for Hamiltonians
on Z¢. But there is a problem to prove the equivalence of these definitions for
Hamiltonians on the Cayley tree: normally the ratio of the number of boundary sites
to the number of interior sites of a lattices becomes small in the thermodynamic
limit of a large system. For the Cayley tree it does not, since both numbers grow
exponentially like £”. Correspondingly, we make a

Conjecture 1. The conditions (7) and H(a, o) < 0 are equivalent.
We set
Ui(J)=U(op,J), ifopeC, i=0,1,....k+1.

The quantity U;(J) is a linear function of the parameter J € R2. For every
fixedm =0, 1,...,k+ 1 we denote

A ={J € R* : Up(J) = min{Uy(J), Ur(J), ..., Uri()}}. ®)
It is easy to check that
Aoy =1{J € R*: J, <0;J; +2kJ, < 0};

Ay ={J € R*: J, > 0;22m — k — 2).J, < J; <2Q2m — k).J},

m=1,2,... kA ={J € R*: J; = 0;J, — 2kJ, > 0}

and R? = U] 4;.
Forany A;, A;,i # j we have

(J:iJi =2Qi — k), >0} if j=i+1,i=01,....k
4,04, =100 ifl<i—jl<k+1 )
J
(J:J=0,J <0} if)i — jl=k+1

Denote
B=AyNAps1, Bi=AiNAis, i=0,... k
Ay = A9\ (BUBy), A1 = A1 \ (BU By),
A= A;\(Bi_1UBy), i=1,... k.
Fix J € R? and denote

Ny(op) = {j : 0p € C;}I.
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Using (9) one can prove
Lemma 5. Forany b € M and o, we have
k+2 ifJ=(0,0)
Ny(op) = {2 if J e <( U, B)U B) \ {(0, 0)},
1 otherwise

Let GS(H) be the set of all ground states of the relative Hamiltonian H (see (3)).
Foranyo = {o(x),x € V} € Qdenoteoc = —0 = {—0o(x),x € V}.

Theorem 6. (i) If J = (0, 0) then GS(H) = €2.
(i) IfJ e 4;,i=0,...,k+ 1then

GS(H) = {oc",5"}.
(i) If J € B; \ {(0,0)},i =0, ...,k then
GS(H) = {o®, 5", oD 5 U g,

where S; contains at least a countable subset of non periodic ground states.
(iv)If J € B\ {(0, 0)}, then

GS(H) = {0(0)’ 7O Gk+D), E(k+1)}'

Here 0, 5% i =0,...,k+ 1 are periodic ground states such that on any
b € M the bounded configurations a(l), Eg) e, ie o, 7 are translational -
invariant and 0@, 5@ i = 1, ..., k + 1 are periodic with period 2.

Proof: The assertion (i) is trivial. In each case (ii)-(iv) for a given configuration
op which makes U(o,) minimal, by Theorem 3 one can construct the periodic
ground states o), ) (with period non exceeding two). For each case the exact
number of such ground state coincides with the number of the configurations oy
which make U(op) minimal. Thus it remains to prove the existence of the set S;
defined in the case (iii). If J € B; \ {(0, 0)} then the minimum points of U(o})
belong to the classes C; and C; i.e. ob(i) = {algi)(x), x € b}, E(bi) = {—olfi)(x), X €
b} such that

o) =+, l{x eb\{p}: 0 (x) = =1} = j, j=i,i+1,beM. (10)
Thus any ground state ¢ € 2 must satisfy

©p € {olgi),Eg),a;iH),EgH)}, be M. 1D
Now we shall construct ground states ¢ € Q which satisfy (11).

Note that the configurations O’b(i) and algf) (b, b’ € M) are the same up to a

motion in G4 so we shall omit b. Thus configuration
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o is the configuration such that on any unit ball » € M the condition (10)
is satisfied.

Suppose two unit balls b and b’ are neighbors, i.e. they have a common edge.
We shall then say that the two bounded configurations o}, and o;, are compatible
if they coincide on the common edge of the balls b and 5’. Denote by 3(b) the set
of all neighbor balls of b.

Denote $; = {0, 7", o(+D *+D} For any w,v e Q; denote by
n(w, v) = n;(w, v) the number of possibilities to set up the configuration v as
a compatible configuration (with w) around (i.e on neighboring balls of the ball on
which w is given ) the configuration w. Clearly n(w,v) € {0, 1, ...,k + 1}, for
any w, v € Q,-i:O,...,k—}—l.

Denote

N, =NY =
n(e®, o) n(c®, ") n(e®, o(+h) n(o®, 70+
n(E(i), o®) n(E(i), g(i)) n(E(i), oty n(E(i), 5<i+l))
n(o+D, gDy o+, D) o+, gli+D) (D F0+D)
n@HD, g0y @D FO) @D gDy D FitD)

It is easy to see that

k+1 0 k+1 0 k—i+1 i k—i+1 i
0 k+1 0 k+1 i k—i+1 i k—i+1
No = , Ni= ;
k 0 k 1 k—i i+1 k—i i+1
0 k 1 k i+1 k—i i+1 k—i
i=1,....k—1
1 k 0 k k+1 0 0 0
k 1 k 0 0 k+1 O 0
Nk= ) Nk+1=
0 k+1 0 k+1 0 0 0 k+1
k+1 0 k+1 0 0 0 £k+1 O

Consider k + 1 sets Q; = {Q},i =0, ..., k of matrices O = {q(u, v)}, ,c0,
such that

q(u,v) €{0,1,...,n(u,v)}, Zq(u, v=k+1,Vu e Qi,

vel2;

q(u, 0D+ q(u, 6V = n(u, o), qu,7) +q(u, 7)) =
n(u,E(’)),i =0,...,k and ¢g(u,v) =0 if and only if g(v,u) =0,u,v € Q;.
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Using matrices N; we have

a 0 k—a+1 0

0 b 0 k—b+1
Q=1¢= c 0 k—c 1 ’

0 d 1 k—d

wherea,b € {0,1,....k+1};e,d € {0, 1,... kl;a =k +1iffc = 0;b = k +
1iffd = 0.

Fori =1,...,k — 1 we have
ay b1 k—i—a1+1 i—bl
0 0 b, a i— by k—i—a+1
e B as b3 k—i—a3 i—b3+1
by au i—bs+1 k—i—ay

where ay, 026{0,1,...,k—i+1}; as, a4€{0,1,...,k—i}; bl,b2€
(0, i)y, bs€{0, ... i+1ar=k—i+1iffas=0; ay=k—i+1iff
as=0;b1 =0 iff b =0;by =i iff by =0;by, =i iff b3 =0;b3 =i + 1 iff
by =i+ 1.

Fori = k we have

1 a 0 k—a
b 1 k—b 0

A=10= 0 ¢ 0 k—c+1
d 0 k—d+1 0

herea,b € {0,1,...,k};c,d e {0,1,....k+1};a=0iff b=0;a =k iffd =
0;b=kiffc=0c=k+1iffd =k+ 1.

For a given & € Q; and Q = {q(u, )}y veq, € Qi we recurrently construct
a ground state 92 by the following way: fix a ball b € M and put on b the
configuration ngQ’E := &. On balls taken from B(b) we set exactly ¢ (&, w) copies
of w for any w € ;. Thus configurations q)bQ,’E, b’ € B(b) are defined. Using
these configurations, we define configurations on the balls B(b') \ {b}, (b’ € B(b))
putting q(wg’é, v) copies of v € ; \ {€} and q(wg'é, &) — 1 copies of &€ which are
compatible with ¢2*°. Further, on the balls B(b") \ {b'}, (b” € B(b'), b’ € B(b))
we set q(ngQ,,’s, €) copies of € € €; \ {cpr,’E} and q((pr,,’g, (pr,’é) — 1 copies oqubQ,’E
which are compatible with gobg,,’s. Repeating this construction one can obtain a
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ground state ¢¢*¢ such that
of ¢ € Qu b € BO): ¢ = w, 97" = v} = q(w,v),

foranyb e M andw, v € S~2,~.
In general the ground state ¢+ is non periodic (see example below). It is
easy to see that

92" =) 0" =50 j—ii4+1, i=0,... k
where
k—i+1 i 0 0
Q(i)z i k—i+1 0 0 ' 12)
0 0 k—i i+1
0 0 i+1 k—i

Now using the ground states ¢9*¢ we shall construct an infinite set of ground
states by the following way: one can choose & # 1, &, 7 € Q; and Oy, 0, € Q;
such that for configurations 15, @927 there are infinitely many b € M on which
(pr"E and gz)bQ,“’ are compatible for some b’ € B(b). Indeed it is enough to take

& # n such that ¢, (&, n)q2(&, n) # 0 (see example below).
Denote

My = M{"(Q1, 02)={beM: "

is compatible with (pr, 2" for some b’ € B(b)};

Ni={ne{0,1,..}:3b € Msuch that |c;| = n};
VD ={zeV:y<z)
Fix m € N, and denote
Wy = {x € W,, : 3b € M;such that ¢;, = x}.
Consider the configuration
928 (x) ifx € V,, UV, y € Wy \ Wy)

01,02.6.1 —
@ (x) = .
" e (x) ifx e VO, yeW,.
Clearly ¢, 1O2EN 4y e Nisa ground state and the number of such ground
states is infinite, since |Nj| = oo. This completes the proof of the assertion (iii).
The theorem is proved. O
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Remark. The proof of (ii) and (iv) can be obtained by using the above matrices.
Indeed in case (i) Q; contains just 0¥ and V. Thus Q; contains just matrices
of type OO (see (12)). In case (iv) Quq1 = {0©@, 50, o * D FE DY gnd Quyy
contains the unique matrix

k+1 0 0 0
0 0 k41 0 0
k =
- 0 0 k+1
0 0 k41 0
Consequently,
ot ifg =0
- 50
q)Qkﬂf — oo 5=

o= ifE = ot
g0:1: lf‘-’;: —(k+l)

Here ¢ = {¢(x) =€},e = +1, —1 is translational-invariant which coin-
cides with either (© or 7. The configuration ¢* = —¢7 is periodic with respect
to the subgroup G}C) {x € Gy : |x| — even} C Gy (chess-board) and coincides
with o *+1) = _g+1

Example. Considerk =2,i =0,J € By \ {(0, 0)}. Take matrices

00 3 0 1 0 2 0
01 0 2 01 0 2
O = s O =
N B 120 0 1
02 1 0 01 1 1
and £ = 0@, 5 = 0V The configurations ¢4, 227 and 92" %**" are repre-

sented in figures 1(a), (b), and (c¢) respectively.

Remark. Note that the way of the description of an infinite number of ground
states used in the proof of (iii) is not a unique. One can use ¢ for another way
to describe another infinite set of ground states.
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(©)

Fig. 1. Ground states.

4. THE PEIERLS CONDITION

Definition 7. Let GS(H) be the complete set of all ground states of the relative
Hamiltonian H. A ball b € M is said to be an improper ball of the configuration o
if o) # ¢p for any ¢ € GS(H). The union of the improper balls of a configuration
o is called the boundary of the configuration and denoted by 9(o).

Definition 8. The relative Hamiltonian H with the set of ground states GS(H)
satisfies the Peierls condition if for any ¢ € GS(H) and any configuration o
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coinciding almost everywhere with ¢,
H(o, ¢) = X|3(0)I,

where A is a positive constant which does not depend on o, and |d(o)| is the
number of unit balls in d(o).

Theorem 9. If J s (0, 0) then the Peierls condition is satisfied.

Proof: Denote U = {Uj, ..., U1} (see (5)), U™ = min{Uy, . .., Uiy} and
Ao = min{U\ {U; : U; = U™™}} — U™, (13)

Note that Uy = ... = Uy, if and only if J = (0, 0), consequently Ay > 0 if J #
(0, 0).

Suppose o coincides almost everywhere with a ground state ¢ € GS(H) then
we have U(op) — U(@p) = Ao for any b € 9(o) since ¢ is a ground state. Thus

H(o,9) =Y (U(op) = U(gs)) = Y _ (U(op) = U(gs)) = hold (o).

beM bed(o)

Therefore, the Peierls condition is satisfied for . = ). The theorem is proved. O

Remark. An interesting problem is to describe the set of Gibbs measures which
corresponds to the set GS(H). We shall study this problem in the next section.
We expect that the structure of the set of periodic Gibbs measures is similar to
the set of all periodic ground states i.e. there is no periodic Gibbs measure which
corresponds to a non periodic ground state (cf. with the same problems in (¢:12:20)),
In the Section 5 for parameters J such that the model has only two periodic ground
states we show that when temperature is low enough then there are two periodic
Gibbs measures.

5. CONTOURS AND GIBBS MEASURES

Let A C V be a finite set, A’ =V \ A and wp = {w(x),x € A'},05 =
{o(x),x € A} be given configurations. The energy of the configuration o, has
the form

Hy(olop) =21 Y oo+ Y o))

(x.y) (x.y)
x,yeA xeA,yeA

+h Y o@em+h Y o@e). (14)

X, peA xeA,yeA
d(x,y)=2 d(x,y)=2
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Let w}, =¢,& = %1 be a constant configuration outside A. For a given
e we extend the configuration o, inside A to the Cayley tree by the constant
configuration and denote this configuration by o and Qf the set of all such
configurations.

Now we describe a boundary of the configuration 0. For the sake of
simplicity we consider only case J € 4. In this case by Theorem 6 we have
GS(H) = {c©,579} = {¢+ = 41,0~ = —1}. Fix +-boundary condition. Put
o, = a,fﬂ and 0, , = (0,),. By Definition 7 the boundary of the configuration o, is

0=0(0,)={be Myiz:0np# ob+ or oy, },

where M, ={be M :bNV, # #}.
The boundary 9 contains of 2k + 2 parts

8;”:{beM,,+2:an,beQi},izl,Z,...,k+l;

0 =beMyp:opeQti=12,...,k+1,

where ; and 2 are defined in Lemma 1.
Consider ¥, and for a given configuration o, (with “+”-boundary condition)
denote

V., =V, (0,)=1{t eV, o,)=—1}.
Let G" = (V,, L, ) be the graph such that
L, ={l=xy)el:x,yeV, }

It is clear, that for a fixed n the graph G” contains a finite (= m) of maximal
connected subgraphs G’ i.e

G"={G},....Gl). G =V, Ly, )r=1,....m.

Here V,, is the set of vertices and L, the set of edges of G.
Two edges [, I, € L are called nearest neighboring edges if |i(/;) Ni(ly)| =
1, and we write ([1, [,);.
For a given graph G denote by V' (G)— the set of vertexes and by £(G)— the

set of edges of G.

Dedge(K) ={l; e L\ E(K) :3l, € E(K)such that (/1, [5)}
The (finite) sets Degoe(G)) are called subcontours of the boundary 9. The set
V., .. r =1,..,mis called the interior, IntDegee(G)), 0f Degge(G). For any two

n,r’

subcontours 77, T, the distance dist(77, 73) is defined by
dist(7}, 75) = min d(x, y),
xeV(Ty)

yev(ny)

where d(x, y) is the distance between x, y € V (see Section 2.1).
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Definition 10. The subcontours 77, T, are called adjacent if dist(T7, T) < 2. A
set of subcontours A is called connected if for any two subcontours 77, 75 € A
there is a collection of subcontours 7y = 71, T, ..., Iy = T» in the set A such
that for eachi = 1, ...,/ — 1 the subcontours 7; and Ti-ﬁ-l are adjacent.

Definition 11. Any maximal connected set (component) of subcontours is called
contour of the set d.

The set of edges from a contour y is denoted by suppy .

Remark. Note that Definition 11 of contours coincides with the Definition 2 of

U9 1n U9 the quantity |suppy | plays very important role. But in the present paper

instate of |suppy | we will use the number of improper (see Definition 7) balls of y.
For a given contour y we put

impiy ={bed :bNy#0}, e=-11 i=1,...,k+1;

imp°y = U;‘fllimpfy, impy = U,_+imp®y;

vl = limpy|, |y = limpyl, il =y, [+ 1y, |-

It is easy to see that the collection of contours o = {y,.} generated by the
boundary o, has the following properties

(1) Every contour y € « lies inside of the set V,,;

(i1) For every two contours y, y» € o we have dist (y1, y2) > 2, thus their
supports suppy; and suppy, are disjoint.

A collection of contours « = {y} that has the properties (i)-(ii) is called a
configuration of contours. As we have seen, the configuration o, of spin generates
the configuration of contours o« = «(o,). The converse assertion is also true.
Indeed, for a given collection of contours {y,}"_, we put o,(x) = —1 for each
x elnty,,r =1,...,mand 0,,(x) = +1 foreach x € V,, \ U’ Inty,.

Let us define a graph structure on M (i.e. on the set of all unit balls of the
Cayley tree) as follows. Two balls b, b’ € M are connected by an edge if they are
neighbors i.e have a common edge. Denote this graph by G(M). Note that the
graph G(M) is a Cayley tree of order k£ > 1. Here the vertices of this graph are
balls of M. Thus Lemma 1.2 of © can be reformulated as following

Lemma 13. Let N,,,G(x) be the number of connected subgraphs G' C G(M)
withx € V(G') and |V(G")| = n. Then

Nn,G(x) S (ek)n‘
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For A C V denote
B(A)={beM:bC A4};
D(A)={x e V'\ 4:3y € A, such that(x, y)};
Ding(A) ={x € A4:3y € V'\ 4, such that (x, y)}.

Using the induction over n one can prove

Lemma 14. Let K be a connected subgraph of the Cayley tree T'? of order two,
such that |V (K)| = n, then |D(V(K))| = n + 2.

Forx € V wewill write x € y if x € V(y).

Denote N.(x) = |{y : x € y, |y| =r}|, where as before |y| = |impy|.

Lemma 15 (cf. with Lemma 6 in 1%). Ik = 2 (i.e. the Cayley tree of order two).
Then
N,(x) < Const - (4e)*". (15)

Proof: Denote by K, the minimal connected subgraph of I'?, which contains a
contour y. It is easy to see that if y = {y1, ..., ym}, m > 1, (where y; is subcon-
tour) then

B(V(K,)) C impy U B(Inty). (16)
Note that D(Inty) as a set contains different points. So we have
ly| = |D(nty)| 4 | Din(Inty ) |;
| B(Inty)| = [Inty \ Din(Inty)| = |Inty| — | Din(Inty)|.

Using Lemma 14 we have|Inty | = |D(Inty)| — 2.Consequently,
|B(Inty)| = [D(Inty)| — | Dini(Inty)| — 2
= |y| — 2| Din(Inty)| — 2.
Thus from (16) we have
I B(V(Ky))I = 2(ly| — [ Dine(Inty )| — 1).
Since y contains m subcontours we have
| Ding(Inty )| = m. A7)
Hence we get from (17)

BV (KDl < 2(ly] —m —1).
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Since y C K, we get |y| <|B(K,)| <2(lyl —m —1). Hence |y| >2m +2
which implies 1 <m < % A combinatorial calculations show that

r/2—1]

[
CERD Dl S LSS 1s)
m=1

where [a] is the integer part of @ and b(x) is a ball b such that x € b.
Using inequality (f) <2""!y < n and Lemma 15 from (18) we get (15).
The lemma is proved. |
Following lemma gives a contour representation of Hamiltonian
Lemma 16. The energy H,(0,) = Hy,(0,|wy; = +1) (see (14)) has the form

k+1
Hy(on) =Y (Ui — Uo)ld;| + | My12|Us, (19)

i=1

where |9;| = |8, | + 19, |.

Proof: Using equality U(op) = U(—0p) we have

k+1
Hy(on) = Y U(ons) =Y Uildi| + (IMyi2] — 18))Vo. (20)

beM, 42 i=1
Now using equality [0| = Zf‘:ll |0;] from (20) we get (19). The lemma is
proved. O

Lemma 17. Assume J € Ay. Let y be a fixed contour and

(y) = Znn:yeﬂ exp{—B H,(on)}
Py = s e p(—BHGY

Then

p+(v) = exp{=Brolyl}, @1

where A is defined by formula (13) and B = %, T > 0— temperature.
Proof: Put Q, ={o,:y C 9}, Q?, = {0, : y N0 =} and define a map yx,, :
Q, — Q?/ by
() +1 ifx € Inty
Xy (on)(x) =
4 oa(x) if x ¢ Inty

For a given y the map , is one-to-one map. We need to the following
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Lemma 18. Foranyo, € Qy andi =1, ...,k + 1 we have

10: ()| = 19; (xy (@] + |¥i].

Proof: It is easy to see that the map x, destroys the contour y and all other
contours are invariant with respect to x, . This completes the proof. O

Now we shall continue the proof of Lemma 17. By Lemma 16 we have
a,ca, XPI=B XL (U = U)o}
Y, exp{—B Y4 (Ur — U)li@)l} ~
To,cq, XPI= LiLI (Ui — Un)li(on)l}
> s,ca0 Xp{—B LiZ{ (Ui = Up)lai@)l}

Yo, XPI—B X151 (Us — Up)ldi(on)I} o)
Ysreq, Xpl—B 11 (Ur — Un)ldi (6, (Ba)I)

Since J € Ay by Theorem 6 we have GS(H) = {o*, 0~} hence U; — Uy >
Mo foranyi =1, ..., k4 1. Thus using this fact and Lemma 18 from (22) we get

(21). The lemma is proved. O
Using Lemmas 15 and 17 by very similar argument of 1) one can prove

p+(y) =

Theorem 19. If J € A, then for all sufficiently large B there are at least two
Gibbs measures for the model (2) on Cayley tree of order two.
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